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ABSTRACT 
O b s e r v a t i o n a l  evidence e x i s t s  t h a t  the c e n t r a l  s t a r s  of 
p l a n e t a r y  nebu lae  a r e  evo lv ing  i n t o  w h i t e  dwarfs .  However, 
a "gap" i n  t h e  s t e l l a r  popu la t ion  a p p e a r s  between t h e  f a i n t e s t  
c e n t r a l  s t a r s  (100 Lo) and the b r i g h t e s t  w h i t e  d w a r f s  (1 L ) .  
T h e o r e t i c a l  models of superluminous w h i t e  dwarfs  (Gap s t a r s )  
0 
a r e  c o n s t r u c t e d  w i t h  and w i t h o u t  t h e  i n c l u s i o n  of n e u t r i n o  
emiss ion  p r o c e s s e s  9 
i s  known from previous  work t h a t  n e u t r i n o  emis s ion  
speeds  up t h e  e v o l u t i o n  of a s t a r .  The p a r t i c u l a r  p r o c e s s  
of impor tance  h e r e  is  t h e  plasma n e u t r i n o  p r o c e s s  of Adams, 
Ruderman, and Woo, which depends c r i t i c a l l y  on t h e  e x i s t e n c e  
of t h e  ( e v  ) ( e v  ) i n t e r a c t i o n .  W e  have found t h a t  t h e  
e v o l u t i o n  of s t a r s  i n  the mass range  0 . 7  M t o  1.1 M 
(Chandrasekhar  mass l i m i t  f o r  w h i t e  dwarfs  = 1.4 M ) i s  
a c c e l e r a t e d  by  a f a c t o r  of 10 t o  100, depending on t h e  
e e 
0 a 
a 
assumed chemica l  composi t ion ,  i f  plasma n e u t r i n o  emiss ion  
i s  inc luded :  below 0.4 Ma, n e u t r i n o  emiss ion  is  unimpor tan t .  
The more massive Gap s t a r s  may be i d e n t i f i e d  o b s e r v a t i o n a l l y  
on t h e  b a s i s  of t h e i r  very  b l u e  color.  An uppe r  l i m i t  t o  
t h e i r  e v o l u t i o n  t i m e  is  then o b t a i n e d  f r o m  a v a r i e t y  of 
o b s e r v a t i o n a l  arguments:  t h i s  upper  l i m i t  is 5x10 y e a r s ,  5 
t o  be compared w i t h  t h e  t h e o r e t i c a l  lifetimes of 2x105 y e a r s  
w i t h  n e u t r i n o  emiss ion  and 2x10 y e a r s  w i t h o u t  it. From 6 
t h e s e  r e s u l t s  w e  can  draw t h e  f o l l o w i n g  c o n c l u s i o n s :  
(1) t h e  p r e s e n t l y  known r a t e  of plasma n e u t r i n o  ene rgy  loss 
rough ly  reproduces  t h e  a s t r o n o m i c a l  d a t a :  ( 2 )  t h e  weak i n t e r -  
a c t i o n  coup l ing  c o n s t a n t  f o r  t h e  ( e v  ) ( e v  ) i n t e r a c t i o n  h a s  
e e 
a l o w e r  l i m i t  close t o  t h e  c u r r e n t l y  a c c e p t e d  va lue .  F u r t h e r  
ev idence  from t h e  known o b s e r v a t i o n a l  l i fe t ime of c e n t r a l  
s t a r s  and from some c rude  s t e l l a r  models i n d i c a t e s  t h a t  
n e u t r i n o  emis s ion  ( p h o t o n e u t r i n o  p r o c e s s )  may a l s o  be a c c e l -  
e r a t i n g  e v o l u t i o n  i n  t h e  c e n t r a l  s t a r s .  
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I. I n t r o d u c t i o n  
Recent  o b s e r v a t i o n a l  work on p l a n e t a r y  nebu lae  h a s  c a s t  
new l i g h t  on o u r  unde r s t and ing  of t h e s e  objects (l,?,:). - 
T h e  c e n t r a l  s t a r s  o f  p l a n e t a r y  nebu lae  a r e  obse rved  t o  be 
e v o l v i n g  i n t o  w h i t e  d w a r f s .  The p r e - p l a n e t a r y  s t a r  e jects  
a hydrogen-r ich  s h e l l  and t h e  ejected m a t t e r  forms a n  ex- 
panding  nebula .  S p e c t r a l  s t u d i e s  o f  p l a n e t a r y  nebu lae  have 
shown t h a t  t h e y  a r e  expanding a t  a n  a v e r a g e  r a t e  o f  20 km/sec 
u n t i l  t h e i r  i n t e n s i t i e s  and d e n s i t i e s  a r e  too l o w  t o  d e t e c t .  
T h i s  o c c u r s  a t  a r a d i u s  of the n e b u l a r  r i n g  e 0.7  pc 
(1 p a r s e c  = 3.26 l i g h t - y e a r s ) .  From t h e  ave rage  expans ion  
r a t e  and t h e  maximum r a d i u s ,  t h e  l i f e t i m e  of a nebula  i n  i t s  
p l a n e t a r y  s t a g e  is  found t o  be 3-5 x 10 y e a r s  ( 1 , 3 ) .  L -  During 
t h i s  s h o r t  p e r i o d ,  the c e n t r a l  s t a r s  a r e  observed  t o  c o n t r a c t  
g r a v i t a t i o n a l l y  from o v e r  one s o l a r  r a d i u s  ( R  
t o  t h e  w h i t e  dwarf r a d i u s  (cuO.01 Ro) w h i l e  t h e i r  e f f e c t i v e  
s u r f a c e  t e m p e r a t u r e s  and l u m i n o s i t i e s  change f r o m  T -Ax104 O K  
and L-10 Lo t o  Te-lx105 OK and L-10 Lo, r e s p e c t i v e l y  
(Lo = 4 . 0  x 10 
s u r f a c e  t e m p e r a t u r e ,  most r a d i a t i o n  from t h e  c e n t r a l  s t a r  i s  
i n  t h e  u l t r a v i o l e t  r e g i o n ;  t h i s  u l t r a v i o l e t  r a d i a t i o n  t h e n  
i o n i z e s  t h e  n e b u l a r  r i n g .  When t h e  e l e c t r o n s  and  i o n s  re- 
4 
= 6 . 9  x lo1' c m )  o 
e 
4 2 
33 e r g s / s e c ) .  Because of the h i g h  e f f e c t i v e  
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combine, photons w i t h  wavelengths  
t r a n s i t i o n s  a r e  e m i t t e d ,  becoming 
o f  t h e  nebula .  
c o r r e s p o n d i n g  t o  a tomic  
the s o u r c e  o f  r a d i a t i o n  
There is no d i rec t  way o f  measur ing  the mass o f  a c e n t r a l  
s t a r .  By comparing t h e  g a l a c t i c  e q u i v a l e n t  w i d t h  of t h e  
p l a n e t a r y  nebu lae  i n  t h e  s o l a r  neighborhood w i t h  S c h m i d t ' s  
model o f  t h e  Galaxy,  the ave rage  i n i t i a l  m a s s  of t h e  s t a r  
p l u s  t h e  nebula  i s  e s t i m a t e d  t o  be approx ima te ly  1 . 2  M, (L). 
The mean n e b u l a r  mass is found t o  be 0 . 2  Ma (L) . 
a v e r a g e  m a s s  of t h e  c e n t r a l  s t a r s  i s  a b o u t  one s o l a r  mass 
o r  l ess .  T h i s  e s t i m a t e  is  a l s o  c o m p a t i b l e  w i t h  t h e  a v e r a g e  
mass of  the  f a i n t e r  sequence of w h i t e  dwar f s  (0 .7  Ma) i n t o  
which many c e n t r a l  s t a r s  must s u b s e q u e n t l y  e v o l v e ,  and w i t h  
t h e  average mass o f  RR Lyrae s t a r s  (- 0 . 9  M ) f r o m  which 
some c e n t r a l  s t a r s  a r e  b e l i e v e d  t o  have evo lved .  
Y 
Hence the 
a 
The w h i t e  dwar f s  a r e  c h a r a c t e r i z e d  by  t h e i r  e x c e e d i n g l y  
5 6 h i g h  mean d e n s i t y  (10 - 10 g/cc) and l o w  l u m i n o s i t y  ( - <1 Lo) .  
Only a few w h i t e  dwarfs  a r e  observed  t o  have l u m i n o s i t i e s  
n e a r  1 L . T h e i r  e f f e c t i v e  s u r f a c e  t e m p e r a t u r e s  r ange  
f r o m  lo5 OK downward. 
a r e  Fermi d e g e n e r a t e .  Some t i m e  ago Chandrasekhar  
c o n s t r u c t e d  models of comple t e ly  d e g e n e r a t e  
s t a r s  ( 2 ) .  From h i s  t h e o r y  of d e g e n e r a t e  w h i t e  
0 
A t  such  a h i g h  d e n s i t y ,  e l e c t r o n s  
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d w a r f s ,  t h e  r a d i u s  may be d i r e c t l y  r e l a t e d  t o  the mass,  which 
t e n d s  t o  a f i n i t e  l i m i t  (-1.4Ma f o r  w h i t e  dwar f s  composed 
o f  e l emen t s  h e a v i e r  t han  hydrogen) a s  the c e n t r a l  d e n s i t y  
i n c r e a s e s  i n d e f i n i t e l y .  
Using Chandrasekhar '  s models and t h e  observed  luminos i -  
t ies and s u r f a c e  t empera tu res  of  wh i t e  dwarfs ,  T. D. L e e  
showed t h a t  n u c l e a r  ene rgy  can c o n t r i b u t e  o n l y  a n e g l i g i b l e  
amount of  l u m i n o s i t y  ( 5 ) .  The a lmos t  complete  degeneracy  
w i l l  p r e v e n t  any s i g n i f i c a n t  g r a v i t a t i o n a l  c o n t r a c t i o n .  
Thus t h e  o n l y  energy  source  a v a i l a b l e  i s  the r e s i d u a l  thermal  
ene rgy  of  the non-degenerate  n u c l e i  i n  t h e  c o r e  of  . t h e  s t a r :  
w h i t e  dwar f s  must  be i n  a s t a g e  of c o o l i n g  w i t h o u t  f u r t h e r  
changes  i n  s t e l l a r  s t r u c t u r e .  
- 
A t  t h e  end of  t h e i r  e v o l u t i o n a r y  t r a c k ,  the c e n t r a l  
stars have a l r e a d y  shrunk down t o  w h i t e  dwarf r a d i i .  Thus ,  
from an  o b s e r v a t i o n a l  s t a n d p o i n t ,  t h e  subsequen t  e v o l u t i o n a r y  
t r a c k  i s  q u i t e  certain. 
F i g u r e  1 shows the p o s i t i o n s  of  c e n t r a l  s t a r s  and w h i t e  
dwar f s  i n  t h e  H-R d iagram,  which i s  a p l o t  of  s t e l l a r  
l u m i n o s i t y  v e r s u s  stellar e f f e c t i v e  s u r f a c e  t empera tu re  
( i n  l o g a r i t h m i c  s c a l e ) .  The dashed l i n e  i n d i c a t e s  t h e  
t h e o r e t i c a l  e v o l u t i o n a r y  track c a l c u l a t e d  i n  S e c t i o n  11. N o  
c e n t r a l  s tar  i s  d e f i n i t e l y  obse rved  t o  have l u m i n o s i t y  below 
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2 
10 La, nor  does  any w h i t e  dwarf l i e  above 1 Lo (;,A,&). 
Some b l u e  subdwarfs  a r e  b e l i e v e d  t o  l i e  between t h e  lumino- 
s i t y  limits 1 L 
sponding t o  t h o s e  nea r  t h e  e v o l u t i o n a r y  t r a c k ,  b u t  t h e i r  
l u m i n o s i t i e s  and ,  hence ,  their  e x a c t  p o s i t i o n s  i n  t h e  H-R 
diagram a r e  r a t h e r  u n c e r t a i n .  I n  ana logy  w i t h  t h e  RR Lyrae  
gap,  w e  s h a l l  h e r e a f t e r  r e f e r  t o  t h e  above-mentioned r e g i o n  
i n  t h e  H-R diagram (L = 1-10 
It should be emphasized t h a t  t h e  Gap i s  more a n  observa-  
t i o n a l  s e l e c t i o n  of  b r i g h t  stars which a r e  c e n t r a l  s t a r s  o f  
p l a n e t a r y  nebu lae  and w h i t e  dwar f s ,  r a t h e r  t h a n  a r e a l i t y .  
The s t e l l a r  d e n s i t y  a long  t h e  e v o l u t i o n a r y  track i n  the H-R 
diagram is i n v e r s e l y  p r o p o r t i o n a l  t o  the r a t e  o f  e v o l u t i o n  
a long  t h e  t r a c k .  By coun t ing  t h e  stars w h i c h  may p o s s i b l y  
l i e  i n  t h e  Gap, a n  upper  l i m i t  may be p laced  on t h e  e v o l u t i o n  
time through the Gap. 
be shown t o  be s h o r t e r  t han  what one would e x p e c t  mere ly  
on t h e  b a s i s  of thermal  energy  r a d i a t e d  from t h e  s u r f a c e  of 
and l o 2  L 0 a a t  s u r f a c e  t empera tu res  co r re -  
2 La, ~ ~ - 5 ~ 1 0 ~  OK) a s  the Gap. 
T h i s  o b s e r v a t i o n a l  upper  l i m i t  w i l l  
a star. 
P rev ious ly  Chiu and o t h e r s  have 
emphasized t h a t  
e l e c t r o n  n e u t r i n o  i n t e r a c t i o n  (e vel (e vel, which h a s  been  
n e u t r i n o  emiss ion  p r o c e s s e s  v i a  the d i r e c t  
. 
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p r e d i c t e d  i n  Feynman and Gell-Mann's v e r s i o n  o f  t h e  V-A 
t h e o r y ,  can d r a s t i c a l l y  a f f e c t  t h e  r a t e  of  s t e l l a r  e v o l u t i o n .  
Although t h e  direct  e l e c t r o n - n e u t r i n o  i n t e r a c t i o n  h a s  neve r  
been observed  i n  t h e  l a b o r a t o r y ,  t h e r e  a r e  good t h e o r e t i c a l  
r e a s o n s  t o  b e l i e v e  i n  i t s  e x i s t e n c e .  The p a r t i c u l a r  n e u t r i n o  
p r o c e s s  of  i n t e r e s t  h e r e  i s  the plasma n e u t r i n o  p rocess .  
B r i e f l y  speaking ,  i n s i d e  an  e l e c t r o n  g a s  t h e  d i s p e r s i o n  
r e l a t i o n  o f  a photon i s  g iven  by 
where w i s  t h e  a n g u l a r  f requency  and k t h e  wave number v e c t o r  
o f  t h e  photon,  and wo i s  t h e  plasma f r equency  which i s  a 
f u n c t i o n  of  t h e  e l e c t r o n  t empera tu re  and t h e  e l e c t r o n  den- 
s i t y .  I n  f r e e  space w van i shes .  A photon p ropaga t ing  i n  
0 
a n  e l e c t r o n  g a s  t h e r e f o r e  behaves a s  a p a r t i c l e  w i t h  a rest 
m a s s  )Iw /c ; such a photon i s  sometimes c a l l e d  a plasmon. 
O r d i n a r i l y  t h e  decay o f  a f r e e  photon i n t o  a p a i r  of  n e u t r i n o s  
2 
0 
i s  fo rb idden  by  gauge i n v a r i a n c e  and i s  a lso incompa t ib l e  
w i t h  b o t h  t h e  energy  conse rva t ion  and t h e  momentum conserva-  
t i o n  laws.  Because o f  t h e  d i s p e r s i o n  r e l a t i o n  (1) , a photon 
i n t e r a c t i n g  w i t h  a n  e l e c t r o n  g a s  can  decay  i n t o  a p a i r  o f  
n e u t r i n o s  v i a  t h e  d i r e c t  e l e c t r o n  n e u t r i n o  coup l ing  w i t h o u t  
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. v i o l a t i n g  t h e  gauge i n v a r i a n c e .  The plasma p r o c e s s  was 
f i r s t  sugges ted  by Adams, Ruderman and Woo and t h e  c a l c u -  
l a t i o n  of t h e  energy  loss r a t e  was c a r r i e d  o u t  by  Adams 
-- e t  a1. ( 7 )  - and l a t e r  by Z a i d i  (8 ) .  
I n  t h e  f o l l o w i n g  s e c t i o n s ,  w e  s h a l l  show t h a t ,  because  
o f  t h e  plasma p r o c e s s ,  the t h e o r e t i c a l  l i fe t imes of Gap s t a r s  
can  be s i g n i f i c a n t l y  reduced t o  v a l u e s  compa t ib l e  w i t h  t h e  
o b s e r v a t i o n s .  
11. White Dwarfs and Gap S t a r s  
O b s e r v a t i o n a l l y ,  a t  t h e  end of i t s  e v o l u t i o n a r y  t r a c k  
2 
(L  = 10  L ) ,  t h e  c e n t r a l  s t a r  of a p l a n e t a r y  nebula  h a s  
a l r e a d y  c o n t r a c t e d  down t o  t h e  w h i t e  dwarf r a d i u s  ( l , z , z ) .  - 
0 
P r e v i o u s l y ,  T. D. L e e  found t h a t  t h e  c e n t r a l  t empera tu re  
co r re spond ing  t o  t h i s  l u m i n o s i t y  i s  
comple t e ly  d e g e n e r a t e  w h i t e  dwarf model is s t i l l  v a l i d  (I). 
T h i s  i s  confirmed by o u r  c a l c u l a t i o n s .  Thus,  w e  t a k e  t h e  
s t r u c t u r e  of a Gap s t a r  t o  be t h e  same a s  t h a t  of a w h i t e  
dwarf excep t  i n  t h e  envelope  where e l e c t r o n s  a r e  non- 
d e g e n e r a t e ;  b u t  i n  a l l  c a s e s  t h e  mass of t h e  envelope  is  
n e g l i g i b l e  compared w i t h  t h a t  of t h e  s t a r .  The s t r u c t u r e  
of t h e  envelope i s  required o n l y  t o  o b t a i n  t h e  l u m i n o s i t y ,  
o t h e r w i s e  t h e  t h i c k n e s s  of t h e  envelope  i s  a l s o  n e g l i g i b l e  
2x108 OK and t h e  
, 
compared w i t h  t h e  r a d i u s  of t h e  s t a r .  T h i s  was p o i n t e d  
o u t  many y e a r s  ago by Strbmgren. The c a l c u l a t e d  
s t r u c t u r e ,  t o g e t h e r  w i t h  t h e  
black-body r a d i a t i o n  law,  g i v e s  u s  t h e  dashed e v o l u t i o n a r y  
t r a c k  i n  t h e  Gap fo r  0.736 M a s  shown i n  F i g u r e  1. The 
0 
e v o l u t i o n a r y  t r a c k  i n  the c e n t r a l  s t a r  r e g i o n  is  based  on 
models f o r  c e n t r a l  s t a r s ,  and w i l l  be d i s c u s s e d  i n  t h e  
n e x t  s e c t i o n .  
The c e n t r a l  t empera tu re  of a d e g e n e r a t e  s t a r  i s  deter-  
mined by i n t e g r a t i n g  t h e  fo l lowing  e q u a t i o n  f o r  t h e  p r e s s u r e ,  
P ,  and  t e m p e r a t u r e ,  T, from t h e  s u r f a c e  inward th rough  t h e  
e n v e l o p e ,  u n t i l  t h e  t empera tu re  no  l o n g e r  i n c r e a s e s  s i g n i -  
f i c a n t l y  on accoun t  of t h e  h i g h  h e a t  c o n d u c t i v i t y  of t h e  
d e g e n e r a t e  e l e c t r o n s  i n  t h e  core: 
where M i s  t h e  t o t a l  mass of t h e  s t a r ,  L t h e  t o t a l  
o p t i c a l  l u m i n o s i t y  of t h e  s t a r ,  a t h e  Stefan-Boltzmann 
r a d i a t i o n  c o n s t a n t ,  G t h e  u n i v e r s a l  g r a v i t a t i o n a l  con- 
s t a n t ,  and  x the "Rosseland mean o p a c i t y " ,  which is  
roughly t h e  i n v e r s e  of t h e  ave rage  of t h e  mean f r e e  p a t h  of  
photons .  
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, 
Temperatures f o r  v a r i o u s  chemica l  compos i t ions  of t h e  
envelope  have been c a l c u l a t e d  by  Lee. 
p i r i c a l  formula f i t s  h i s  c a l c u l a t e d  r e s u l t s  f a i r l y  w e l l  for  
an  envelope composed of 90 p e r c e n t  he l ium and 10 p e r c e n t  
R u s s e l l  mix ture  (heavy e l emen t s )  up t o  Tc = 2x108 OK and 
L = lo2 L 
The f o l l o w i n g  e m -  
i n  t h e  neighborhood of  one s o l a r  mass: 
0 ,  
0.321 
T C = 4 . 4 1 ~ 1 0 ’  cE> ( 3 )  
( O b s e r v a t i o n a l l y ,  f o r  t h e  sun  and normal s t a r s  t h e  r a t i o  
of hel ium t o  heavy e l emen t s  i s  a b o u t  1 0 . )  
Although t h e  r a d i a t i v e  t r a n s f e r  p r o p e r t i e s  of a 
m a t e r i a l  m e d i u m  g e n e r a l l y  depend on t h e  chemica l  compos i t ion ,  
i n  t h e  case  of s t a r s  i n  t h e  upper  Gap, t h e  t empera tu re  i s  
so h i g h  t h a t  energy  t r a n s f e r  i n  t h e  envelope  i s  l a r g e l y  
de te rmined  by t h e  e l e c t r o n  s c a t t e r i n g  p r o c e s s ,  which i s  
v i r t u a l l y  independent  of chemica l  composi t ion  and t h e  
ene rgy  of t h e  photon;  hence t h e  u n c e r t a i n t y  i n  t h e  chemica l  
composi t ion  of t h e  envelope  is r e l a t i v e l y  un impor t an t  i n  
the uppe r  Gap. 
According t o  Chandrasekhar ,  t h e  d e n s i t y  p a t  a d i s -  
t a n c e  r from t h e  c e n t e r  i s  g iven  by t h e  f o l l o w i n g  d i f f e r -  
e n t i a  1 equa t ion  : 
i 
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n 
7. 71x108 r =  
' I  
D e  Y o  
where (= A/Z)  is  t a k e n  t o  be t w o  th roughou t  t h e  whole e 
s t a r  on accoun t  of t h e  absence of hydrogen, and y is  the 
pa rame te r  c h a r a c t e r i z i n g  d i f f e r e n t  models (a  l a r g e r  v a l u e  
0 
of yo co r re sponds  t o  a s m a l l e r  mass ) .  
The ene rgy  loss i n  t h e  form of n e u t r i n o s  is measured 
by t h e  n e u t r i n o  luminos i ty ,  L , which is  o b t a i n e d  by  i n t e -  
g r a t i n g  
V 
where Q i s  t h e  n e u t r i n o  energy loss r a t e  (ergs/cc-sec) f o r  
the v a r i o u s  mechanisms producing n e u t r i n o s .  
n e c e s s a r y  t o  c o n s i d e r  t h e  plasma and  t h e  p h o t o n e u t r i n o  
p r o c e s s .  I n  t h e  c a s e  of the  w h i t e  dwarfs  and Gap s t a r s ,  
o n l y  plasma n e u t r i n o s  need be c o n s i d e r e d .  The p h o t o n e u t r i n o  
ene rgy  loss r a t e  h a s  been c a l c u l a t e d  by  C h i u  and S t a b l e r  (9 )  
and  by R i t u s  (10)  : 
It  i s  o n l y  
-
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( n o n - r e l a t i v i s t i c  and non-degenera te  ) 
2 2/3 Q = 1 . 5 ~ 1 0  xT (p/pe) 8 
( n o n - r e l a t i v i s t i c  and degene ra t e )  
The plasma n e u t r i n o  ene rgy  loss r a t e  h a s  been  c a l c u l a t e d  
by Adams, Ruderman and Woo (1) and l a t e r  by Z a i d i  (8) - . * 
The major  c o n t r i b u t i o n  comes f r o m  t h e  t r a n s v e r s e  r a t e :  
= 1 . 3 1 ~ 1 0 ~ ~  T9 9  x, F ( 3 )  
Qt 
where 
cr) 
s i n h ( 5 )  cosh(5) 
F(x) = d5 I Jo e x p ( x  c o s h ( i ) ) - l  
and  
- x = hwo/kT 
and  ul0 is t h e  plasma f requency .  
(7) 
(9) 
~~ ~~ ~~ * 
Z a i d i ' s  r e s u l t  is s m a l l e r  t h a n  t h a t  c a l c u l a t e d  by - 
Adams, Ruderman and  Woo b y  a f a c t o r  o f  f o u r .  I n  view o f  
t h e  u n c e r t a i n t y ,  we have used t h e  n e u t r i n o  e n e r g y  loss 
r a t e  c a l c u l a t e d  by t h e  l a t t e r .  However, the g e n e r a l  con- 
c l u s i o n  of t h i s  pape r  remains v a l i d  i n  e i ther  c a s e .  
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Table  1 l i s t s  t h e  va lues  o f  l o g  (Ly/L ) f o r  n i n e  
0 
d i f f e r e n t  masses of  degene ra t e  s t a r s  a t  v a r i o u s  c e n t r a l  
tempera t u r e s .  
The n e u t r i n o  luminos i ty  and t h e  o p t i c a l  l u m i n o s i t y  a r e  
p l o t t e d  i n  F i g u r e s  2 and 3 f o r  t h e  c a s e  of Gap s t a r s  of 
mass 0.736 M and 1.08 M r e s p e c t i v e l y .  W e  have found t h a t  
0 0 
i n  t h e  t empera tu re  range T = 4 x l o 6  OK t o  T = 2 x lo7 OK, 
C C 
which is b e l i e v e d  t o  r e p r e s e n t  t h e  range  of i n t e r n a l  tempera- 
t u r e  i n  m o s t  observed  whi te  d w a r f s ,  t h e  n e u t r i n o  l u m i n o s i t y  
i s  s m a l l e r  t han  t h e  o p t i c a l  l u m i n o s i t y  by  s e v e r a l  o r d e r s  of 
magnitude. A t  t empera tures  co r re spond ing  t o  an o p t i c a l  
l u m i n o s i t y  of  1 L however, t h e  t w o  l u m i n o s i t i e s  a r e  of t h e  
same o r d e r ,  e x c e p t  f o r  t h e  c a s e  of Gap s t a r s  w i t h  masses  
less t han  0,4 Ma, where the  n e u t r i n o  l u m i n o s i t y  is  much 
s m a l l e r .  A t  s t i l l  h i g h e r  t e m p e r a t u r e s ,  co r re spond ing  t o  
t h e  Gap r e g i o n  t h e  n e u t r i n o  l u m i n o s i t y  i s  one t o  t w o  o r d e r s  
of magnitude h i g h e r  t h a n  the  o p t i c a l  l u m i n o s i t y  f o r  t h e  c a s e  
of t h e  l a r g e r  masses (M = 0.7 Ma t o  1.1 M ) a s  shown i n  
F i g u r e s  2 and 3 .  T h e  n e u t r i n o  l u m i n o s i t y  becomes p r o g r e s s -  
0 ,  
0 
i v e l y  less impor t an t  a s  t he  mass o f  t h e  s t a r  i s  d e c r e a s e d .  
F i g u r e  4 shows t h e  two l u m i n o s i t i e s  f o r  t h e  c a s e  M = 0.405 M 
0 
a t  t empera tu res  up t o  8x107 OK where t h e  o p t i c a l  l u m i n o s i t y  
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is  around 1 L . A t  such  a t e m p e r a t u r e  the n e u t r i n o  l u m i o s i t y  
a l m o s t  r eaches  i t s  maximum, b u t  t h i s  is mere ly  comparable  
w i t h  the photon l u m i n o s i t y .  
0 
These r e s u l t s  can  be unde r s tood  i n  terms of t h e  be- 
h a v i o r  of the ene rgy  loss r a t e  o f  t h e  plasma p r o c e s s .  A t  a 
g i v e n  t empera tu re ,  the plasma n e u t r i n o  emiss ion  r a t e  
ha  s a maximum a t  some c r i t i c a l  dens i ty :  i n  t h e  tempera- 
t u r e  r e g i o n  under  c o n s i d e r a t i o n  (4  - 20x107 OK) t h e  maximum 
o c c u r s  a t  a d e n s i t y  a round lo6 t o  l o 7  g/cm3, which 
co r re sponds  t o  t h e  d e n s i t y  of  Gap s t a r s  w i t h  masses  i n  t h e  
r ange  0 .7  M t o  1.1 M . Thus, t h e  plasma p r o c e s s  is  n e v e r  
e f f e c t i v e  i n  d i s s i p a t i n g  s t e l l a r  e n e r g y  f r o m  t h e  Gap s t a r s  
w i t h  M 5 0.4 M A t  s t i l l  h i g h e r  t e m p e r a t u r e s  t h e  f i n i t e  
t empera tu re  c o r r e c t i o n  t o  the s t r u c t u r e  o f  w h i t e  dwarf 
models becomes i m p o r t a n t , a n d  t h i s  w i l l  r e s u l t  i n  a d e c r e a s e  
i n  the d e n s i t y  and hence i n  the plasma n e u t r i n o  e n e r g y  loss .  
N e v e r t h e l e s s ,  it can  be shown t h a t  a t  t h e s e  s t a g e s  t h e  
t e m p e r a t u r e s  o f  t h e  s m a l l  masses  (5 0.4M ) a r e  n e v e r  h i g h  
enough t o  produce p h o t o n e u t r i n o s  comparable  w i t h  t h e  o p t i c a l  
l u m i n o s i t y .  
0 0 
a' 
0 
F i g u r e  5 shows n e u t r i n o  ene rgy  loss r a t e  E: ( e rgs /g  /sec) 
V 
a g a i n s t  mass f r a c t i o n  of t h e  s t a r  d u r i n g  v a r i o u s  s t a g e s  th rough  
the Gap. The i r r e g u l a r  b e h a v i o r  is due  t o  t h e  p e c u l i a r  
d e n s i t y  dependence o f  the plasma n e u t r i n o  r a t e  . 
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111. S t e l l a r  Models fo r  C e n t r a l  S t a r s  o f  P l a n e t a r y  Nebulae 
When t h e  i n t e r n a l  tempera ture  is  h i g h ,  t h e  complete-  
degene racy  approximat ion  b reaks  down, and C h a n d r a s e k h a r ' s  
models a r e  no l o n g e r  v a l i d .  T h i s  o c c u r s  when t h e  l u m i n o s i t y  
of t h e  c e n t r a l  s t a r  i s  i n  t h e  r ange  f r o m  lo2 t o  l o 4  L 
w i t h  e f f e c t i v e  s u r f a c e  t empera tu re  a round lo5 OK. 
s t a r s  l i e  above t h e  Gap i n  t h e  H-R d iagram,  a s  shown i n  
F i g u r e  1. D e t a i l e d  models have been c o n s t r u c t e d  on t h e  
b a s i s  of o u r  p r e s e n t  t h e o r y  of t h e  s t e l l a r  i n t e r i o r  and of  
t h e  a v a i l a b l e  o b s e r v a t i o n a l  d a t a  on c e n t r a l  s t a r s .  The 
t e m p e r a t u r e  a t  t h e  c e n t e r o f  a c e n t r a l  s t a r  i n  i t s  e a r l y  
s t a g e s ,  a s  o b t a i n e d  f r o m  s t e l l a r  models ,  is around 3 o r  
4x108 OK. 
(which r e q u i r e s  a tempera ture  of 6x108 OK) b u t  is h i g h  
enough so t h a t  a l l  the hel ium o r  hydrogen w o u l d  a l r e a d y  
have  been c o n v e r t e d  i n t o  carbon.  I t  is  t h e r e f o r e  s a f e  t o  
assume t h a t  a s  t h e  c e n t r a l  s t a r  cools, t h e  o n l y  ene rgy  
s o u r c e  is  g r a v i t a t i o n a l  c o n t r a c t i o n ,  which i n  o u r  c a l c u l a -  
t i o n s i s  t aken  t o  be uniform t h r o u g h o u t  t h e  s t a r .  A s  f o r  
t h e  chemica l  compos i t ion ,  w e  have chosen  a pure  
R u s s e l l  m i x t u r e  th roughout .  To f a c i l i -  
t a t e  numer i ca l  c a l c u l a t i o n ,  w e  d i v i d e  the s t a r  a r t i f i c i a l l y  
0 
These 
T h i s  t empera tu re  is  too low t o  bu rn  ca rbon  
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i n t o  t h r e e  r e g i o n s ,  namely: (i) non-degenera te  o u t e r  enve- 
l o p e ,  (ii) semi-degenera t e  i n n e r  enve lope ,  and  (iii) s e m i -  
d e g e n e r a t e  i s o t h e r m a l  core. I n  r e g i o n s  (1) and ( i i ) ,  t h e  
tempera ture  g r a d i e n t  i s  de termined  by  e l e c t r o n  s c a t t e r i n g ,  
which i s  the  o n l y  i m p o r t a n t  o p a c i t y  a t  s u c h  h i g h  tempera- 
t u r e s .  W e  have used t h e  p r o p e r  e x p r e s s i o n s  f o r  Compton 
s c a t t e r i n g  i n  t h e  semi-degenerate  and  semi - re l a  t i v i s t i c  
r e g i o n ,  a s  c a l c u l a t e d  b y  Chin (11). On a c c o u n t  of s e m i -  
degeneracy ,  the t e m p e r a t u r e ,  p r e s s u r e ,  and d e n s i t y  a r e  
r e l a t e d  t o  one a n o t h e r  th rough t h e  Fermi-Dirac f u n c t i o n s  i n  
r e g i o n s  (i) and (ii) .
- 
Using t h e  same numer ica l  t e c h n i q u e s  a s  d e s c r i b e d  b y  
Schwarzschi ld  (12 )  - , w e  f i n a l l y  o b t a i n  t h e  p h y s i c a l  cha rac -  
t e r i s t i c s  of models f o r  1.08 M and 0.736 M . These a r e  
summarized i n  t h e  3 r d  and  5 t h  columns of Tab le  11. The 
h i g h e r  mass is  close t o  t h e  uppe r  l i m i t  of the ave rage  mass 
of c e n t r a l  s t a r s ,  w h i l e  the l o w e r  mass is  close t o  t h e  
a v e r a g e  mass of observed  w h i t e  dwarfs .  
0 0 
Rough e s t i m a t e s  of t h e  s t e l l a r  s t r u c t u r e  c a n  be made 
when t h e  c e n t r a l  degeneracy  parameter  i s  set e q u a l  t o  z e r o .  I n  
t h i s  c a s e ,  we a r e  c o n s i d e r i n g  an  e a r l i e r  s t a g e  of c e n t r a l -  
s t a r  e v o l u t i o n .  
the tempera ture  dependence of Compton s c a t t e r i n g  , w e  can  
Assuming uniform c o n t r a c t i o n  and  n e g l e c t i n g  
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a p p l y  E d d i n g t o n ' s  s t a n d a r d  model (13) t o  o b t a i n  -
The r e s u l t s  a r e  l i s t e d  i n  t h e  2nd and 4 t h  columns of 
Tab le  11, where t h e  o p t i c a l  l u m i n o s i t i e s  a r e  o b t a i n e d  by  
assuming v = 0.12. I n &  of the approximat ions  invo lved ,  it 
s h o u l d  be emphasized a g a i n  t h a t  t h e s e  v a l u e s  a r e  rough 
e s t i m a t e s .  
I n  c e n t r a l  s t a r s ,  t h e  p h o t o n e u t r i n o  
p r o c e s s  i s  t h e  impor t an t  n e u t r i n o  emiss ion  
mechanism. On accoun t  of t h e  u n c e r t a i n t y  of p h o t o n e u t r i n o  
emiss ion  r a t e s  i n  t h e  p a r t i a l l y  d e g e n e r a t e  r e g i o n ,  the 
n e u t r i n o  l u m i n o s i t i e s  l i s t e d  i n  Tab le  I1 a r e  v a l i d  o n l y  
w i t h i n  one order of magnitude. The n e u t r i n o  and o p t i c a l  
l u m i n o s i t i e s  a r e  p l o t t e d  i n  t h e  extreme r i g h t  of F i g u r e s  2 
and 3 a t  t h e  cor responding  c e n t r a l  t empera tu res .  
I t  can  be s e e n  t h a t  i n  t h e  e a r l y  e v o l u t i o n a r y  s t a g e s  of a 
c e n t r a l  s t a r ,  t h e  n e u t r i n o  l u m i n o s i t y  i s  of t h e  same o r d e r  of 
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magnitude a s  t h e  o p t i c a l  l u m i n o s i t y  f o r  1.08 M and  becomes 
less impor t an t  a s  t h e  mass is dec reased .  Higher up on the 
observed  e v o l u t i o n a r y  t r a c k ,  a s  shown i n  F i g u r e  1, photo- 
n e u t r i n o s  may p l a y  a n  i m p o r t a n t  role due t o  t h e  o c c u r r e n c e  
of h i g h e r  t empera tu res  i n  the core. 
0 
I V .  C o o l i n g  T ime  of Pre-white  Dwarfs Through the Gap. 
A s  shown i n  t h e  p rev ious  t w o  s e c t i o n s ,  n e u t r i n o  
emis s ion  is i m p o r t a n t  i n  a Gap s t a r  w i t h  mass i n  the range  
0 .7  M t o  1.1 M . I n  t h i s  s e c t i o n ,  w e  s h a l l  c a l c u l a t e  
e v o l u t i o n a r y  t i m e s  th rough t h e  Gap w i t h  and  w i t h o u t  n e u t r i n o  
emiss ion .  F o r  r e a s o n s  mentioned b e f o r e ,  t h e r e  shou ld  be no 
n u c l e a r  bu rn ing  a s  t h e  s t a r  e v o l v e s  through t h e  Gap. Gravi-  
t a t i o n a l  c o n t r a c t i o n  can  be shown t o  be n e g l i g i b l y  s m a l l  
f o r  the h i g h e r  masses because  degeneracy  sets i n  a t a  much 
e a r l i e r  s t a g e  than  f o r  t h e  s m a l l e r  masses.  Assuming t h e  
the rma l  energy  of t h e  n u c l e i  i n  the core t o  be the o n l y  
ene rgy  source  w i t h i n  a Gap s t a r ,  w e  o b t a i n  t h e  e v o l u t i o n  
t i m e  ( a s  g iven  by Mestel (l4) ) :  
0 0 
where M i s  t h e  mass of a p ro ton  and <A> i s  t h e  ave rage  
P 
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mass number o f  t h e  n u c l e i .  With n e u t r i n o  e m i s s i o n ,  however, 
t h e  above e q u a t i o n  s h o u l d  be r e p l a c e d  by 
F o r  n u c l e i  i n  t h e  c o r e ,  w e  have assumed t h a t  t h e i r  abundances 
a r e  r e p r e s e n t e d  by t h e  R u s s e l l  m i x t u r e  ( < A > = 2 3 . 2 ) .  The 
chemica l  composi t ion  of t h e  envelope ,  upon which t h e  o p t i c a l  
l u m i n o s i t y  d e p e n d s , w i l l  be assumed t o  be composed o f  90 per -  
c e n t  he l ium and 10 p e r c e n t  R u s s e l l  m i x t u r e  (Y = 0.9)  
i n  one c a s e  and pure R u s s e l l  m i x t u r e  (Y = 0)  i n  t h e  o t h e r .  
The r e s u l t s  a r e  l i s t e d  i n  Tab les  I11 and I V ,  and p l o t t e d  i n  
F i g u r e s  5 and 6 f o r  0.736 Mn and 1.08 M 
The r e s u l t s  f o r  s m a l l e r  masses ,  0.6 M and  0.4 M w i t h  
Y = 0 a r e  t h o s e  of Hayashi,  H s s h i  and Sugimoto (13 ) .  - The 
l i fe t imes  of the s m a l l e r  m a s s e s  a r e  found t o  be l o n g e r  
t h a n  what  one w o u l d  o b t a i n  by  mere ly  a p p l y i n g  Eq .  (11) s i n c e  
t h e  e n e r g y  r e l e a s e  due t o  g r a v i t a t i o n a l  c o n t r a c t i o n  was t a k e n  
i n t o  accoun t  and t h e  r e l a t i v i s t i c  e f f e c t  a r i s i n g  from h i g h  
d e n s i t y  was n e g l e c t e d .  Both f a c t o r s  t e n d  t o  p ro long  t h e  
1 i f e  t i m e .  
r e s p e c t i v e l y .  a' 
0 0 ,  
Thus a s t a r  of m a s s  0 .7  M t o  1.1 M e v o l v e s  th rough  
0 0 
6 t h e  Gap i n  abou t  2x10 y e a r s  w i t h o u t  n e u t r i n o  emiss ion  and 
i n  2x10 y e a r s  w i t h  n e u t r i n o  emis s ion .  A t  an  i n t e r m e d i a t e  
5 
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l u m i n o s i t y ,  L = 10 L , t h e  t w o  e v o l u t i o n  t i m e s  d i f f e r  by  
a f a c t o r  of  one hundred.  Replac ing  t h e  enve lope  of he l ium 
and R u s s e l l  mix tu re  by an  enve lope  of pu re  R u s s e l l  m i x t u r e  
r e s u l t s  i n  p r a c t i c a l l y  no change i n  t h e  t i m e  s c a l e  w i t h o u t  
n e u t r i n o  emiss ion  b u t  c u t s  down t h e  e v o l u t i o n  t i m e  w i t h  
n e u t r i n o  emis s ion  t o  4x10 y e a r s .  F o r  s t a r s  of mass less 
t h a n  0 .4  Ma, n e u t r i n o s  w i l l  have no  e f f e c t  on t h e  the rma l  
t i m e  s c a l e  o f  4x10 y e a r s .  Summarizing, w e  have  shown 
t h a t ,  on t h e  n e u t r i n o  h y p o t h e s i s ,  d i f f e r e n t  t i m e  s c a l e s  
e x i s t  f o r  t h e  two d i f f e r e n t  mass r a n g e s ,  namely,  2x10 
y e a r s  f o r  t h e  mass range  0 . 7  M - 1.1 M and 4x10 y e a r s  
f o r  t h e  m a s s  range  0.2 Ma - 0.5  M 
e m i s s i o n ,  however, t h e  t i m e  s c a l e s  f o r  t h e  two mass r anges  a r e  
n e a r l y  t h e  same. J u s t  b e l o w  t h e  Gap, where t h e  b r i g h t e s t  
w h i t e  dwarfs  a r e  obse rved ,  t h e  d i f f e r e n c e  between the t i m e  
s c a l e s  w i t h  and w i t h o u t  n e u t r i n o  emiss ion  f o r  a s t a r  of 
mass 0 .7  M becomes much s m a l l e r ,  b u t  the d i f f e r e n c e  s t i l l  
amounts t o  a f a c t o r  of  a b o u t  2 ,  a s  shown by  Tab le  I V  f o r  
t h e  e v o l u t i o n  t i m e s  f r o m  L = 1 L t o  L = 0 . 1  L 
a 
4 
6 
5 
6 
0 0 
Without  n e u t r i n o  a' 
0 
a' a 
I f  t h e  s t a r  h a s  n o t  undergone ca rbon  b u r n i n g  i n  t h e  
e a r l y  c e n t r a l  s t a r  s t a g e ,  t h e n  the core s h o u l d  be composed 
ma in ly  of carbon ( <A > = 12)  i n s t e a d  of t h e  R u s s e l l  m i x t u r e  
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( < A  > = 23.2)  , and a l l  t h e  c o o l i n g  t i m e s  l i s t e d  w i t h  and 
w i t h o u t  n e u t r i n o  emis s ion  should  be m u l t i p l i e d  by  a f a c t o r  
of 2 a c c o r d i n g l y .  
V. Comparison w i t h  Observa t ions .  
To compare o u r  t h e o r e t i c a l  r e s u l t s  w i t h  the a v a i l a b l e  
o b s e r v a t i o n a l  d a t a ,  w e  have drawn up Tab le  V summarizing 
a l l  the ev idence .  D e t a i l s  on how t h e  o b s e r v a t i o n a l  l i f e -  
t i m e s  w e r e  o b t a i n e d  w i l l  be p u b l i s h e d  elsewhere. I t  i s  
s u f f i c i e n t  h e r e  merely t o  o u t l i n e  t h e  methods and  p r e s e n t  
t h e  r e s u l t s .  To do so, w e  d i s c u s s  i n  t u r n  e a c h  k i n d  of 
o b j e c t  i n  Vorontsov-Velyaminov's (15)  famous "b lue-whi te  
sequence" .  
- 
- a )  C e n t r a l  S t a r s  of P l a n e t a r y  Nebulae 
The c e n t r a l  s t a r s  of p l a n e t a r y  n e b u l a e  have been shown 
4 t o  occupy t h e  l u m i n o s i t y  range lo2 L t o  10 L on t h e  H-R 
diagram. C o n t r a c t i o n  through t h i s  r e g i o n  t o  t h e  l i m i t i n g  
(Chandrasekhar )  r a d i u s  t a k e s  p l a c e  i n  3-5 x lo4 y e a r s  ( L , A ) .  
T h e o r e t i c a l  e v o l u t i o n a r y  t r a c k s  th rough  t h e  c e n t r a l - s t a r  
r e g i o n  have been computed by Hayashi ,  Hzsh i ,  and Sugimoto (13) -
f o r  s t a r s  o f  c o n s t a n t  mass e q u a l  t o  0 .6  M and 0.4 M . I n  
t h e  c a s e  of 0.4 M t w o  ex t reme a s sumpt ions  a b o u t  t h e  e n e r g y  
0 0 
0 0 
0' 
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s o u r c e  and chemica l  composi t ion  w e r e  made: (1) uni form 
g r a v i t a t i o n a l  c o n t r a c t i o n  and R u s s e l l  m i x t u r e  th roughou t ,  
(2) a t h i n  hydrogen-burning she l l  n e a r  t h e  s u r f a c e  and an  
i n e r t  hel ium core i n s i d e .  Only assumpt ion  (1) was a p p l i e d  
t o  t h e  c a s e  of 0.6 M . Neut r ino  emiss ion  p r o c e s s e s  w e r e  
n o t  t a k e n  i n t o  a c c o u n t ,  and t h e  l i f e t i m e  i n  c a s e s  was 
1x10 yea r s .  Thus m a s s  loss and o t h e r  u n c e r t a i n t i e s  s h o u l d  
n o t  a l t e r  t h i s  t i m e  s c a l e  s i g n i f i c a n t l y .  Hence a d i s c r e p a n c y  
of a f a c t o r  20-30 e x i s t s  between the o b s e r v a t i o n a l  and 
t h e o r e t i c a l  l i fe t imes .  
0 
6 
Previously,  S t o t h e r s  (2) p o i n t e d  o u t  t h a t  p h o t o n e u t r i n o  
emiss ion  cou ld  d r a s t i c a l l y  a f f e c t  t h e  e v o l u t i o n  of pre-whi te  
dwarfs .  It was assumed a t  t h a t  t i m e  t h a t  t h e  c o r e  was 
comple t e ly  d e g e n e r a t e  (non-con t rac t ing )  . A c o o l i n g  t i m e  
was o b t a i n e d  by e q u a t i n g  t h e  p h o t o n e u t r i n o  loss r a t e  t o  
t h e  t i m e  r a t e  of change i n  the rma l  energy .  The t empera tu re  
was chosen  h i g h  so t h a t  the o p t i c a l  l u m i n o s i t y  c o u l d  be 
n e g l e c t e d  i n  comparison w i t h  t h e  n e u t r i n o  l u m i n o s i t y .  Then 
a s imple  a n a l y t i c a l  formula r e p r e s e n t e d  t h e  c o o l i n g  t i m e ,  
dependent  on ly  on t h e  t empera tu re .  For a t empera tu re  
co r re spond ing  t o  t h e  a v e r a g e  of H a y a s h i ' s  c e n t r a l - s t a r  
models of 0.6 M t h e  n e u t r i n o  c o o l i n g  t i m e  is a b o u t  10 4 
0, 
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y e a r s .  Th i s  a g r e e s  s a t i s f a c t o r i l y  w i t h  t h e  o b s e r v a t i o n a l  
l i f e t i m e  of t h e  c e n t r a l  s t a r s .  
The n e g l e c t  of g r a v i t a t i o n a l  energy  re lease may be s e r i o u s ,  
however, s i n c e  c e n t r a l  s t a r s  a r e  s t i l l  c o n t r a c t i n g  objects. 
The a n a l y t i c a l  models t h e r e f o r e  refer  o n l y  t o  the advanced 
( o p t i c a l l y  t h i n  nebu la )  phase,  where t h e  o p t i c a l  l u m i n o s i t y  
shows a d rop  because  of the predominance of the rma l  c o o l i n g  
o v e r  t h e  g r a v i t a t i o n a l  energy r e l e a s e .  According t o  the 
o b s e r v a t i o n a l  d a t a ,  t h e  o p t i c a l l y  t h i n  phase dominates  t h e  
e v o l u t i o n ;  t h u s  t h e  conc lus ion  r eached  above remains the 
same. 
The models of  c e n t r a l  s t a r s  c a l c u l a t e d  i n  t h e  p r e s e n t  
p a p e r  r e p r e s e n t  v e r y  e a r l y  s t a g e s ,  and a l t h o u g h  t h e  photo- 
n e u t r i n o  loss i s  s m a l l  h e r e ,  t h e  models sugges t  t h e  impor tance  
of t h i s  p r o c e s s  i n  l a t e r  s t a g e s  of h i g h e r  t e m p e r a t u r e ,  a s  
i n  H a y a s h i ' s  sequence. I n  the o r i g i n a l  pape r  w i t h  a n a l y t i c a l  
models ,  a core mass of 0.4 M was assumed i n  order t o  es t i -  
mate t h e  n e u t r i n o  luminos i ty .  T h i s  mass i s  by  chance e q u a l  
t o  t h e  c o r e  mass o f  Hayash i ' s  c o n t r a c t i n g  c e n t r a l - s t a r  
model (13 ) .  Hence the e s t i m a t e  i n  t h e  o r i g i n a l  pape r  may 
be a p p l i e d  d i r e c t l y  t o  H a y a s h i ' s  model, and  i n d i c a t e s  t h a t  
t h e  n e u t r i n o  l u m i n o s i t y  w i l l  exceed t h e  o p t i c a l  l u m i n o s i t y  
b y  a f a c t o r  of more t h a n  10. The consequence must  be a n  
0 
- 
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i n c r e a s e d  g r a v i t a t i o n a l  c o n t r a c t i o n .  I n  t h i s  c o n n e c t i o n ,  
S e a t o n  ( 3 )  - h a s  shown t h a t  t h e  g r a v i t a t i o n a l  l u m i n o s i t y  of 
c e n t r a l  s t a r s ,  a s  e s t i m a t e d  f r o m  t h e i r  obse rved  p a r a m e t e r s ,  
exceeds t h e  o p t i c a l  l u m i n o s i t y  by a f a c t o r  o f  order 10.  
D e t a i l e d  e v o l u t i o n a r y  t r a c k s  computed fo r  c e n t r a l  
s t a r s  by V i l a  (2) , Rose ( p r i v a t e  communica t ion) ,  and 
S a l p e t e r  ( p r i v a t e  communication) s u b s t a n t i a t e  t h e  r e s u l t s  
o f  t h e  a n a l y t i c a l  e s t i m a t e s .  However, a p r e c i s e  number f o r  
t h e  t h e o r e t i c a l  l i f e t i m e  c a n n o t  y e t  be g i v e n  because  of  t h e  
g r e a t  u n c e r t a i n t y  i n  the assumed i n i t i a l  model ( e s p e c i a l l y  
chemica l  composi t ion)  and t h e  n e g l e c t  of mass e j e c t i o n .  
- b) White Dwarfs 
N o  whi te  dwar f s  a r e  observed  i n  t h e  Gap r e g i o n  ( 6 ) .  - 
Although t h e r e  ex i s t s  a t h e o r e t i c a l  d i f f e r e n c e  of a f a c t o r  2 
i n  t h e  t i m e  s c a l e  between 0 . 1  L and  1 L f o r  s t a r s  of  mass 
0 .7  Ma, depending on whe the r  n e u t r i n o  emiss ion  i s  i n c l u d e d  
or  o m i t t e d ,  t h i s  d i f f e r e n c e  is too s m a l l  t o  be d e t e c t a b l e  
0 a 
o b s e r v a t i o n a l l y .  A l t e r n a t i v e l y ,  one  c o u l d  compare numbers 
of s t a r s  on t h e  0 .7  M sequence ,  i n  which n e u t r i n o  emiss ion  
s h o u l d  have some e f f e c t ,  w i t h  numbers o f  s t a r s  on t h e  0 .3  M 
sequence ,  i n  which n e u t r i n o  emiss ion  s h o u l d  n o t .  However, 
0 
a 
the b i r t h - r a t e  f u n c t i o n  i n t o  each  sequence  is unknown, so 
the comparison c a n n o t  be made. 
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N e i t h e r  w h i t e  dwarfs  nor  t h e  c e n t r a l  s t a r s  o f  p l a n e t a r y  
nebu lae  be long  t o  t h e  Gap reg ion .  The next  t h r e e  t y p e s  o f  
o b j e c t ,  t h e  novae, the  U G e m  s t a r s ,  and t h e  u l t r a v i o l e t  
dwar f s ,  a r e  a c t u a l l y  members of t h e  Gap popu la t ion .  
- c) Cataclysmic V a r i a b l e s  
I t  h a s  long  been recognized  t h a t  the e x p l o s i v e  v a r i a b l e s  
known a s  novae and U Gem s t a r s  occupy the ho t t e s t  p o r t i o n  
of t h e  H-R diagram. Only r e c e n t l y ,  however, h a s  more r e f i n e d  
d a t a  become a v a i l a b l e  (18). These objects a l l  seem t o  be 
close b i n a r y  sys tems,  c o n t a i n i n g  a red s t a r  and  a whi te -  
- 
d w a r f - l i k e  companion. 
The novae explode  e i t h e r  i n  one-shot  o u t b u r s t s  o r  a t  
i n t e r v a l s  of decades  t o  c e n t u r i e s .  They b r i g h t e n  t y p i c a l l y  
b y  10 magnitudes.  From o b s e r v a t i o n s  a t  minimum l i g h t ,  t h e  
b l u e  (and red) components occupy a tremendous range  i n  
l u m i n o s i t y .  From a c rude  e m p i r i c a l  mass- luminosi ty  r e l a t i o n  
(191, t h o s e  objects l y i n g  w i t h i n  t h e  Gap r e g i o n  shou ld  have 
masses  of hl 0 . 1  - 0.5 Ma. An o b s e r v a t i o n a l  l i f e t i m e ,  based  
on t h e i r  observed  numbers i n  t h e  s o l a r  neighborhood and a n  
assumed b i r t h - r a t e  f u n c t i o n  of t h e i r  main-sequence p r o g e n i t o r s ,  
is  s e v e r a l  m i l l i o n  y e a r s .  T h i s  r e s u l t  a g r e e s  w i t h  t h e  f a c t  
t h a t  n e u t r i n o  emis s ion  i s  unimpor tan t  a t  these masses  and 
w i t h  t h e  f a c t  t h a t  many of t h e  low-mass b l u e  components may 
a c t u a l l y  l i e  below t h e  Gap. 
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The U G e m  s t a r s  have  been c a l l e d  "dwarf novae" on 
a c c o u n t  of t h e i r  less extreme o u t b u r s t s .  They explode  
q u a s i - p e r i o d i c a l l y  on a t i m e  s c a l e  of d a y s  o r  months. 
T h e i r  masses  a r e  e s t i m a t e d  a t  - 0 . 7  M , and t h e i r  s t a t i s -  
t i c a l  l u m i n o s i t y  is  - 1 L ( 2 0 ) .  I n  a manner s i m i l a r  t o  
0 -  
t h a t  used f o r  t h e  o l d  novae, the o b s e r v a t i o n a l  l i f e t i m e  
comes o u t  t o  be s e v e r a l  hundred thousand y e a r s .  S i n c e  t h i s  
number i s  p robab ly  n o t  bet ter  than  an  order of magnitude,  
it shou ld  n o t  be d e f i n i t e l y  concluded  t h a t  the t h e o r e t i c a l  
l i f e t i m e  w i t h  n e u t r i n o s  i n c l u d e d  a g r e e s  be t te r  w i t h  t h e  
o b s e r v a t i o n s  t h a n  t h e  l i f e t i m e  w i t h o u t  n e u t r i n o s .  
0 
- d) U1 t r a v i o l e  t Dwarfs 
The s i n g l e  s t a r s  which occupy t h e  Gap r e g i o n  be long  
t o  a group of s t a r s  known a s  hot  subdwarfs  (see t h e  review 
a r t i c l e  by G r e e n s t e i n  ( 2 1 )  ) .  I n  order t o  i s o l a t e  t h e  s t a r s  
of mass - 0.7 M and h i g h e r ,  which c o n s t i t u t e  t h e  t e s t  of 
t h e  n e u t r i n o  t h e o r y ,  w e  may se lec t  t h e  h o t t e s t  subdwarfs  
on t h e  b a s i s  of c o l o r :  U -B < -1.1 (6). - T h i s  e f f e c t i v e l y  
e l i m i n a t e s  a l l  w h i t e  dwarfs  b e l o w  1 L and  a l l  low-mass 
pre-whi te  dwarfs .  W e  now d e f i n e  t h e  Gap s t a r s  b l u e r  t han  
U - B = -1.1 a s  u l t r a v i o l e t  dwarfs .  
-
0 
0 
With t h e  h e l p  of t h e  (B-V, U-B) d iagram, s p e c t r o s c o p i c  
t y p e s ,  and  s t a t i s t i c a l  l u m i n o s i t i e s ,  a n  upper  l i m i t  may be 
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p l a c e d  on t h e  number of p o s s i b l e  u l t r a v i o l e t  dwarfs  among 
t h e  objects measured i n  b l u e - s t a r  su rveys  ( 2 2 ) .  The observed  
r a t i o  of number d e n s i t y  of u l t r a v i o l e t  dwar f s ,  N t o  number 
- 
uv 
d e n s i t y  of b l u e  "ho r i zon ta l -b ranch"  p r o g e n i t o r s ,  Nbm/P I 
may be t i e d  i n  t o  t h e  number d e n s i t y  o f  " r e d  g i a n t "  s t a r s ,  
by  r e f e r e n c e  t o  t h e  composi te  H-R diagram o f  g l o b u l a r  N~~ I 
RG c l u s t e r s .  The t i m e  s c a l e  of  e v o l u t i o n  a s  a red g i a n t ,  T 
i s  known from t h e o r e t i c a l  model c a l c u l a t i o n s .  I n  t h i s  
c o n n e c t i o n ,  Sandage ' s semiempi r i ca l ly  de te rmined  r e d - g i a n t  
l i fe t ime (23), based  on s t a r  c o u n t s  o f  red g i a n t s  vis-;-vis 
main-sequence s t a r s  and  on t h e o r e t i c a l  e v o l u t i o n  t i m e s  a l o n g  
t h e  main sequence ,  can  be shown t o  be v e r y  u n c e r t a i n .  A l t e r -  
n a t i v e l y ,  t h e  l i f e t i m e  on t h e  b l u e  h o r i z o n t a l  b ranch ,  T 
may be o b t a i n e d  d i r e c t l y  from t h e o r e t i c a l  model c a l c u l a t i o n s .  
- 
bHB 
The f i n a l  r e s u l t  fo r  
Nu, 
7 = p -  
NbHB uv 
T h i s  may be shown t o  
t h e  l i f e t i m e  of  a n  u l t r a v i o l e t  dwarf is: 
NbHB 
= 5x10 5 y e a r s .  (13) = P - -  T~~ 
NbHB NRG 
'bHB 
be an upper  l i m i t .  P a r t  of t h e  
r eason  i s  t h e  i n c l u s i o n  of  s t a r s  w i t h  mass g r e a t e r  t h a n  1.1 M 
( b u t  below t h e  Chandrasekhar l i m i t )  a s  u l t r a v i o l e t  dwarfs .  
With o r  w i t h o u t  n e u t r i n o  emiss ion ,  such  s t a r s  should have l o n g e r  
l i fe t imes t h a n  t h e  0 . 7  Ma v a r i e t y .  
0 
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The t h e o r e t i c a l  l i fe t imes  w i t h  which w e  must compare 
t h e  o b s e r v a t i o n a l  r e s u l t  shou ld  be extremized i n  order t o  
c o n s t i t u t e  a t es t .  Accord ingly ,  w e  a d o p t  a pu re  ca rbon  core 
and a n  envelope composed predominant ly  of he l ium,  f o r  t h e  
n e u t r i n o - e m i t t i n g  models. 
t o  r e a l i t y . )  Hence t h e  t h e o r e t i c a l  t i m e  s c a l e  e n t e r e d  i n  
Table  V shou ld  be m u l t i p l i e d  by a f a c t o r  2, and w i l l  t h e n  be 
an  upper  l i m i t .  Second, w e  a d o p t  a Russe l l -mix tu re  core and 
a n  envelope of  a r b i t r a r y  compos i t ion ,  f o r  the models w i t h o u t  
n e u t r i n o  emiss ion .  The t h e o r e t i c a l  t i m e  s c a l e  a s  l i s t e d  i n  
Tab le  V i s  t h e n  a l o w e r  l i m i t .  
( T h i s  composi t ion  p robab ly  refers 
C l e a r l y ,  t h e  o b s e r v a t i o n a l  l i f e t i m e  i s  compa t ib l e  o n l y  
w i t h  t h e  assumption of an  a c c e l e r a t i n g  mechanism besides 
o r d i n a r y  thermal  emis s ion  i n  t h e  u l t r a v i o l e t  dwarfs .  
r e a c t i o n s  and g r a v i t a t i o n a l  c o n t r a c t i o n  would o n l y  delay the  e v o l u t i o n  
Nuc lea r  
by pmviding  an add i t iona l  energy  source .  Mass e j e c t i o n  m u s t  e v e n t u a l l y  
r e s u l t  i n  t h e  0 . 7  Ma w h i t e  dwar f s ,  and f o r  o r d i n a r y  the rma l  
c o o l i n g ,  a s t a r  of h i g h e r  mass e v o l v e s  more s lowly .  However, 
mass e j e c t i o n  i n  i t s e l f  i s  a form of l u m i n o s i t y .  C lay ton  
( p r i v a t e  communication) h a s  s u g g e s t e d  t h a t  a s t e a d y  mass loss 
of 10'' M /yea r  c o u l d  c a r r y  energy  away f r o m  t h e  s t a r  a t  a 
r a t e  comparable w i t h  the o p t i c a l  l u m i n o s i t y .  N e v e r t h e l e s s  
no mechanism is  known whereby t h i s  might  be accompl ished ,  
0 
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and t h e  r e q u i r e d  r a t e  is  a t  l e a s t  lo5 t i m e s  g r e a t e r  t h a n  t h e  
s o l a r  wind. Regarding more c e r t a i n  c o n c l u s i o n s  a b o u t  t h e  
e x i s t e n c e  of t h e  f o r e g o i n g  p rocesses  i n  v e r y  h o t  w h i t e  dwar f s ,  
T. D. L e e  (2) and Ledoux and Sauvenier -Goff in  ( 2 4 )  have r u l e d  
o u t  n u c l e a r  r e a c t i o n s  on t h e o r e t i c a l  g rounds ,  and g r a v i t a t i o n a l  
IL. 
c o n t r a c t i o n  and any s i g n i f i c a n t  mass loss  a r e  r u l e d  o u t  on 
observa  t i o n a  1 grounds ( 6 ,  2 1) . - -  
I n  t h e  absence  o f  any  o t h e r  more s a t i s f a c t o r y  e x p l a n a t i o n  
of t h e  a c c e l e r a t i o n  o f  e v o l u t i o n  i n  t h e  u l t r a v i o l e t  dwar f s ,  
w e  s u g g e s t  t h a t  t h i s  speed-up i n  e v o l u t i o n  i s  caused  by  t h e  
plasma n e u t r i n o  p r o c e s s  and t h a t  t h i s  speed-up i s  s t r o n q  
a s t r o p h y s i c a l  ev idence  t h a t  t h e  d i rec t  e l e c t r o n - n e u t r i n o  
i n t e r a c t i o n  ex i s t s  i n  na tu re .  Fur thermore ,  t h e  ev idence  
f r o m  t h e  c e n t r a l  s t a r s  o f  p l a n e t a r y  nebu lae  s u p p o r t s  the 
view t h a t  t h e  pho toneu t r ino  p r o c e s s  is  o c c u r r i n g  t h e r e ,  
and t h i s  f a c t  c e r t a i n l y  re-emphasizes t h e  s t a t e m e n t  j u s t  made. 
Accord ing ly ,  a lower l i m i t  f o r  t h e  c o u p l i n g  c o n s t a n t  of 
t h e  d i r e c t  e l e c t r o n - n e u t r i n o  i n t e r a c t i o n  c a n  be o b t a i n e d  from 
t h e  uppe r  l i m i t  of t h e  e v o l u t i o n  t i m e  i n  the Gap. The lower 
l i m i t  i s ,  t e n t a t i v e l y ,  c l o s e  t o  t h e  c u r r e n t l y  a c c e p t e d  v a l u e  
2 3  
P 
of g ,  the weak c o u p l i n g  c o n s t a n t ,  namely, gcM / h  = 
F u r t h e r  o b s e r v a t i o n a l  and t h e o r e t i c a l  w o r k  a l o n g  these l i n e s  
shou ld  prove t o  be f r u i t f u l .  
- 28 - 
Acknowledqmen ts 
W e  would l i ke  t o  thank the fo l lowing  p e r s o n s  for  
h e l p f u l  d i s c u s s i o n s  o r  cor respondence :  D r s .  A .  B a g l i n ,  
D. D. Clay ton ,  J. L. G r e e n s t e i n ,  R. P. K r a f t ,  W. Rose, 
M. A .  Rudennan, E.  E .  S a l p e t e r ,  E. Schatzman, B. Str#mgren, 
C.-H. Woo, and  N. J. Woolf. One of u s  (R.S.) acknowledges 
the s u p p o r t  of  an  NAS-NRC r e s e a r c h  a s s o c i a t e s h i p .  
- 29 - 
REFERENCES 
1. C.  R. O ' D e l l ,  As t rophys .  J. 138, 67 (1963). 
2. 
MH 
R. J. Harman and  M. J. Sea ton ,  Astrophys.  J. 1 2 ,  824 (1964). 
3. M. J. Sea ton ,  Monthly Notices Roy. A s t r o n .  SOC. 2 1 ,  i n  p r e s s .  
4. S. Chandrasekhar ,  "An In t roduc t ion  t o  t h e  S tudy  of S t e l l a r  
S t r u c t u r e " ,  Chap. X I .  Dover P u b l i c a t i o n s  I n c . ,  
New York, 1957. 
5. T. D. Lee, Astrophys.  J. 111, 625 (1950). 
6. 0. J. Eggen and J. L. G r e e n s t e i n ,  As t rophys .  J. 141, 83 (1965). 
e -
7. J. B. A d a m s ,  M. A .  Ruderman and C. H. Woo, Phys. R e v .  129, 
1383 (1963). 
8. M. Z a i d i ,  t o  be publ i shed  i n  Nuovo C i m e n t o .  
9. H. Y. Chiu and  R. C .  S t a b l e r ,  Phys. Rev. 1 2 2 ,  1317 (1961). 
Nw 
10 .  V. I. R i t u s ,  S o v i e t  Phys. JETP 41, 1285 (1961). 
11. C.  W. Chin,  Astrophys.  J. 142, 1481 (1965). 
m 
NIN 
1 2 .  M. Schwarzsch i ld ,  " S t r u c t u r e  and Evo lu t ion  of t h e  S t a r s " ,  
Chap. 111,  P r i n c e t o n  U n i v e r s i t y  P r e s s ,  P r i n c e t o n  
N. J . ,  1958. 
13. C.  Hayashi ,  R. H6shi and D. Sugimoto, Proq. Theore t .  Phys. 
Suppl .  No. 2 (1962). 
14. L. M e s t e l ,  Monthly Notices Roy. A s t r o n .  SOC. 112, 583 (1952). 
MN 
15. B. A .  Vorontsov-Velyaminov, "Gasnebel und neue  S t e r n e " .  
V e r l .  K u l t u r .  u .  F o r t s c h r i f t ,  B e r l i n ,  1953. 
16. R. S t o t h e r s ,  Astrophys.  J. 138, 1085 (1963). w 
17. S. C.  V i l a ,  A s t r o n .  J. 70, 695 (1965). 
rw 
- 30 - 
18. R. P. K r a f t ,  Advances i n  Astronomy and A s t r o p h y s i c s  2, 43 
(1963).  
19. R. P. K r a f t ,  As t rophys .  J. 139, 457 (1964) .  -
20. R. P. K r a f t  and W. J. Luyten,  As t rophys .  J. 142, 1041  (1965) .  
lurr 
21. J. L. G r e e n s t e i n ,  " S t e l l a r  Atmospheres" ,  U n i v e r s i t y  of 
Chicago P r e s s ,  Chicago ,  1960. 
22. A .  R. Klemola, As t ron .  J. L7,  740 (1962) .  
23. A .  Sandage, As t rophys .  J. lL6, 326 (1957) .  
24. P. Ledoux and E. Sauven ie r -Grof f in ,  As t rophys .  J. L l ,  
611, (1950).  
H 
w 
d 
Q 
d 
0 
N 
- 
u) 
rl 
~ ~ m m m m ~ c u m  
I I I I I I I I I 
TABLE I1 
Physical Characteristics of Models for Central Stars 
of Planetary Nebulae (Pure Russell Mixture) 
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I I 
1.08 % 0.736 % 
l o g  Tc 8 .& 8.61 8 -41 8.38 
-- 
1% Te 5.21 5.21 5 DO5 5.12 
TABLE I11 
Logari thms of Evo lu t iona ry  Times from L = 100 La 
t o  L u m i n o s i t i e s  i n d i c a t e d .  Y represents  Helium 
C o n t e n t  i n  the  Envelope. 
TABLE I V  
Evo lu t iona ry  T i m e s  T i n  Years  Between O p t i c a l  L u m i n o s i t i e s  
I n s i d e  Brackets .  Y r e p r e s e n t s  Helium Content  i n  the Envelope. 
No v 
V 
Y=O. 9 
2. 4x106 
5 7.4~10 
Y=O 
2. 4x106 
4 7.4~10 
6 2.5~10 
~(0.3 L - 0.1 Ld) 
0 
Y=O. 9 
4. 7x106 
6 3.lxlO 
Y=O 
6x106 
5 2.6~10 
6 5x10 
3 
rt 
H 
4 
a, 
e ai 
M r 
r 
0 
r P  h) 
I I I 
P P  
P P  P 
0 0  0 
N h ,  a 
b. 
( D ( t j U I  UI 
r r  
0 0  2 2 x X 
O c n P  r 
P P 
P P O  0 
0 0  UI a 
m c n  
xv r  a h ,  1 
x x  9 x x  P 
P P  P P  P 
0 0  0 0  
0 
c n c n  c n U I  
v v  
@ h ,  a h ,  I--‘ 
x x  x x  X 
r P  r w  P 
0 0  0 0  0 
c n c n  c n c n  cn 
0 
tf 
(D 
cl 
rt 
U- 
FIGURE CAPTIONS 
F i g .  1. H-R diagram, adap ted  from Harman and Sea ton  (2). I 
Open and f i l l e d  c i rc les  r e p r e s e n t  some observed  c e n t r a l  
s t a r s  o f  p l a n e t a r y  nebu lae .  Crosses r e p r e s e n t  some 
observed w h i t e  dwarfs .  Circles w i t h  crosses r e p r e s e n t  
t h e  two e v o l u t i o n a r y  s t a g e s  of o u r  model f o r  a c e n t r a l  
s t a r  o f  0.736 Mo. The d o t t e d  l i n e  r e p r e s e n t s ,  schema- 
t i c a l l y ,  t h e  t h e o r e t i c a l  e v o l u t i o n a r y  t r a c k  i n  t h e  
c e n t r a l  s t a r  r eg ion .  The dashed c u r v e  r e p r e s e n t s  t h e  
e v o l u t i o n a r y  t r a c k  of t h e  0.736 M s t a r  t h rough  t h e  Gap 
The so l id  cu rve  on t h e  r i g h t  refers t o  t h e  h o r i z o n t a l  
b ranch  and p a r t  of t h e  r e d - g i a n t  b ranch  of a t y p i c a l  
g l o b u l a r  c l u s t e r .  
0 
Fig .  2. Neut r ino  and o p t i c a l  l u m i n o s i t i e s  of a s t a r  of  0 .736 M . 
0 
Y r e p r e s e n t s  hel ium c o n t e n t  i n  t h e  envelope .  
F i g .  3. Neu t r ino  and o p t i c a l  l u m i n o s i t i e s  of a s t a r  of 1.08 M . 
0 
Y r e p r e s e n t s  hel ium c o n t e n t  i n  the envelope .  
F ig .  4. Neu t r ino  and o p t i c a l  l u m i n o s i t i e s  of a s t a r  of 0.405 M . 
0 
t 
F i g .  5. D i s t r i b u t i o n s  of n e u t r i n o  ene rgy  loss  r a t e s  i n  erg/g-sec 
a s  a f u n c t i o n  of mass f r a c t i o n  f o r  s t a r s  a t  v a r i o u s  
s t a g e s  through t h e  Gap. 
Fig .  6. Cool ing  t i m e s  of a s t a r  of 0.736 M . Y r e p r e s e n t s  
0 
hel ium c o n t e n t  i n  the envelope .  Numbers a long  t h e  
c u r v e s  i n d i c a t e  the  o p t i c a l  l u m i n o s i t i e s  i n  u n i t s  
of L a t  cor responding  p o i n t s .  
0 
Fig .  7 .  Cool ing  t i m e s  of a s t a r  of 1.08 M . Y r e p r e s e n t s  
he l ium c o n t e n t  i n  the envelope .  Numbers a l o n g  the 
c u r v e s  i n d i c a t e  the  o p t i c a l  l u m i n o s i t i e s  i n  u n i t s  of 
La a t  co r re spond ing  p o i n t s .  
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